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Abstract
We present a detailed mathematical model of the phosphorylation and dephosphorylation events that occur upon ligand-induced receptor
aggregation, for a transfectant expressing FcεRI, Lyn, Syk and endogenous phosphatases that dephosphorylate exposed phosphotyrosines
on FcεRI and Syk. Through model simulations we show how changing the ligand concentration, and consequently the concentration of
receptor aggregates, can change the nature of a cellular response as well as its amplitude. We illustrate the value of the model in analyzing
experimental data by using it to show that the intrinsic rate of dephosphorylation of the FcεRI ␥ immunoreceptor tyrosine-based activation
motif (ITAM) in rat basophilic leukemia (RBL) cells is much faster than the observed rate, provided that all of the cytosolic Syk is available
to receptors.
Published by Elsevier Science Ltd.
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1. Introduction
We present a detailed mathematical model of the early
signaling events triggered by the aggregation of the high
affinity receptor for IgE, FcεRI. We view mathematical models of signaling cascades, such as the one we present, as
analogous to stable transfectants. In both the model and the
transfectant, a small subset of the molecules that participate
in the signal cascade are selected for study. The role of both
the model and the transfectant is to understand how the selected molecules interact with each other. However, unlike
creating a transfectant, building a model requires explicitly
defining all the interactions that can occur and the rates at
which they proceed. To use the model to make predictions,
the equivalent of doing experiments with a transfectant, one
must assign values for the rate constants that characterize
the interactions and for the concentrations of the interacting
molecules at the start of the experiment. It is then through
comparison of model predictions with the experimental data
that the interactions and rate constants of the model are
tested and, if need be, revised.
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The mathematical model we describe in the next sections
is a beginning. We anticipate that it will grow in complexity
as we add additional participating molecules and interactions
in an attempt to encompass more and more of the known
signaling cascade. Here we illustrate how we are using the
model to make quantitative predictions for experiments in
progress in Henry Metzger’s laboratory on Chinese hamster
ovary (CHO) cells transfected with FcεRI, Lyn and Syk.

2. Components of the model
The composition of a mathematical model is determined
by the experimental system of interest and the kinds of experiments one wishes to use the model to analyze. Our experimental system is a CHO cell transfected with FcεRI, Lyn
and Syk. Our model components are these three molecules
plus the simplest ligand that can induce receptor aggregation,
a symmetric bivalent ligand. In addition, there is a pool of
phosphatases present that dephosphorylate accessible phosphotyrosines. The model considers an ideal transfectant, one
that has no endogenous proteins other than the phosphatases
that interact with the proteins being studied.
Much of the data that we will analyze will involve the
phosphorylation and dephosphorylation of the FcεRI ␤ and
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␥ immunoreceptor tyrosine-based activation motifs (ITAMs)
and of the tyrosines on Syk. Although an ITAM has two
canonical tyrosines and the ␤ ITAM of FcεRI has a third
tyrosine, we treat an ITAM as a single unit that is either
phosphorylated or not. We go further and lump the two
ITAMs on the disulfide-bonded ␥ chains into a single unit.
Nothing is known about the stoichiometry of Syk binding to
phosphorylated ␥2 . Since Syk has a mass that is eight times
that of the cytoplasmic domains of the ␥ chain dimer, we
assume that only one Syk can bind to a receptor.
Lyn has two tyrosines but the model does not include
the reactions by which they become phosphorylated and dephosphorylated. Thus, in its present form, the model cannot
be used to analyze data concerning the phosphorylation of
Lyn. Syk has at least 10 tyrosines that become phosphorylated upon receptor aggregation (Furlong et al., 1997). We
lump these tyrosines into two groups, those that are primarily phosphorylated by Lyn and those that are primarily
phosphorylated by Syk.
At present the model considers only cases where the receptor is monovalent and the ligand is symmetric and bivalent, such as when the ligand is a dimer of IgE or when the
␣ chain is complexed with a bispecific IgE and the ligand
is bivalent and symmetric, and therefore, binds to only one
of the Fab sites on the IgE. In the latter case, the ␣ subunit
in the model is the ␣ chain complexed with the bispecific
IgE.

3. Reactions of the model
Metzger et al. (2001), in this volume, have reviewed the
experimental results that form the basis of our model. Fig. 1
shows the binding and dissociation reactions and Fig. 2 the
phosphorylation and dephosphorylation reactions that we include in the model. All the reactions occur at the plasma
membrane, except the dephosphorylation of phosphorylated
Syk that has dissociated from the receptor. The reverse arrows in Fig. 2 indicate dephosphorylation reactions. The
phosphatases responsible for these reactions are not identified in the model but their effects are included as rates of dephosphorylation that are constant in time. We are, therefore,
assuming that the interacting phosphatases are in excess so
that their concentrations remain constant over the times of
the experiments we study.
The binding reactions involving Lyn and Syk with FcεRI,
i.e. constitutive association of Lyn through its unique domain
with the unphosphorylated ␤ chain, recruitment of Lyn to
the phosphorylated ␤ ITAM, and recruitment of Syk to the
phosphorylated ␥ ITAM, are well documented (Jouvin et al.,
1994; Kihara and Siraganian, 1994; Yamashita et al., 1994;
Shiue et al., 1995a; Lin et al., 1996, Vonakis et al., 1997,
2001; Ottinger et al., 1998). Since the ␣␥2 form of FcεRI
is phosphorylated by Lyn (Lin et al., 1996), Lyn may also
associate constitutively with the unphosphorylated ␥ chain.
This association, if it occurs, is much weaker than the Lyn-␤

Fig. 1. The binding reactions. (A) The four components of the model.
They are represented in this way for ease in displaying the reactions of
the model. Site 1 on Syk represents all tyrosines that are phosphorylated
by Lyn and site 2 on Syk represents all tyrosines that are phosphorylated by Syk. (B) Binding reactions and their rate constants. (1) Ligand
binding: a site on a bivalent ligand binds reversibly to the receptor with
forward and reverse rate constants k+1 and k−1 . (2) Ligand induced receptor aggregation: a free site on a ligand with one site bound to a receptor
binds reversibly to a second receptor with rate constants k+2 and k−2 .
(3) Constitutive association of Lyn: Lyn binds reversibly to the unphosphorylated ␤ subunit with rate constants k+L and k−L . (4) Recruitment
of Lyn: Lyn binds reversibly to the phosphorylated ␤ ITAM with rate
∗ and k ∗ . (5 and 6) Recruitment of Syk: Syk not phosphoconstants k+L
−L
rylated by Syk binds reversibly to the phosphorylated ␥ ITAM with rate
∗ and k ∗ . Syk phosphorylated by Syk binds reversibly to
constants k+S
−S
∗∗ and k ∗∗ . An asterisk
the phosphorylated ␥ ITAM with rate constants k+S
−S
indicates a binding or dissociation reaction with a phosphorylated ITAM.
A double asterisk indicates a binding or dissociation reaction involving
autophosphorylated Syk and a phosphorylated ␥.

chain interactions (Vonakis et al., 1997) and is expected to
play an insignificant role when the receptor is ␣␤␥2 .
Upon aggregation of FcεRI, tyrosines on the ␤ and ␥
chains of the receptor become phosphorylated and, when disaggregation is induced, become dephosphorylated (Paolini
et al., 1991). The substrates for the phosphorylation and
dephosphorylation reactions in the model are the ␤ and ␥
ITAMs of the receptor and two blocks of sites on Syk, the
first containing all tyrosines that can be phosphorylated by
Lyn and the second containing all tyrosines that can be phosphorylated by Syk. In the model, all the phosphorylation
reactions take place at the receptor and all the reactions are
trans, i.e. Lyn and Syk cannot phosphorylate substrates that
are associated with any of the chains of the receptors they
are associated with. Transphosphorylation of the receptor by
Lyn has been demonstrated (Pribluda et al., 1994) but it is
less clear whether the autophosphorylation of Syk requires
two Syk molecules to be on two different receptors in an
aggregate. There is indirect evidence that autophosphorylation of Syk is trans (El-Hillal et al., 1997), however, for the
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sufficient to activate Syk (Rowley et al., 1995; Shiue et al.,
1995b). Further activation of Syk, which is required for rat
basophilic leukemia (RBL) cell degranulation, occurs when
Syk is phosphorylated by Syk (Fig. 2, reaction (4)) at two
adjacent tyrosines in the Syk activation loop (Zhang et al.,
2000; Siriganian et al., 2001).

4. Implementing the model

Fig. 2. The Phosphorylation and Dephosphorylation Reactions. l and s
represent the rate constants for phosphorylation reactions carried out by
Lyn and Syk, respectively, and p the rate constants for dephosphorylation
reactions carried out by phosphatases. An asterisk indicates that the kinase
is bound to a phosphorylated ITAM. A double asterisk indicates Syk is
bound to a phosphorylated ITAM and it has been phosphorylated by Syk
making it more active than a Syk that has not been autophosphorylated.
(1) Constitutively associated Lyn transphosphorylates (a) the ␤ ITAM with
rate constant l␤ and (b) the ␥ ITAM with rate constant l␥ . (2) Lyn bound
to a phosphorylated ␤ ITAM transphosphorylates (a) the ␤ ITAM with rate
constant l␤∗ and (b) the ␥ ITAM with rate constant l␥∗ . The rate constants
for dephosphorylation are p␤ and p␥ . (3a) Constitutively associated Lyn
transphosphorylates Syk with rate constant lS and (3b) Lyn bound to a
phosphorylated ␤ ITAM transphosphorylates Syk with rate constant lS∗ .
The rate constant for dephosphorylation is pS1 . (4a) Syk bound to a
phosphorylated ␥ ITAM transphosphorylates Syk with rate constant sS∗ .
(4b) Activated Syk (a Syk phosphorylated by Syk) transphosphorylates
Syk with rate constant sS∗∗ . The rate constant for dephosphorylation is

pS2 . (5) Dephosphorylation of Syk in solution a. with rate constant pS1

for the sites on Syk phosphorylated by Lyn and b. with rate constant pS2
for the sites on Syk phosphorylated by Syk.

related kinase ZAP-70 it has been suggested that one role of
the T cell receptor tandem  chain ITAMs is to facilitate the
autophosphorylation of ZAP-70 (Neumeister et al., 1995).
Since there are two ␥ ITAMs per FcεRI a similar possibility
exists. In the model we assume, on steric grounds, that this
does not occur.
Only Lyn phosphorylates the receptor ITAMs (Nishizumi
and Yamamoto, 1997). When the three tyrosines in the ␤
ITAM are changed to phenylalanines, the ␥ ITAM still becomes phosphorylated (Lin et al., 1996) indicating that constitutively associated Lyn can phosphorylate both the ␤ and
␥ ITAMs (Fig. 2, reactions (1a) and (1b)). We assume this
is also the case when Lyn is bound to the phosphorylated ␤
ITAM (Fig. 2, reactions (2a) and (2b)).
Syk can be phosphorylated by both Lyn and Syk
(Keshvara et al., 1998). The roles of the specific tyrosines
on Syk are reviewed by Siriganian et al. in this volume.
The binding of Syk to the diphosphorylated ␥ ITAM is

There are two general approaches for taking the components and reactions of Figs. 1 and 2 and converting them into
a predictive mathematical model. One applies deterministic
methods where processes are described through chemical
rate equations (a system of ordinary differential equations)
and predictions are made about how average concentrations
change in time. For the same set of parameter values, solving these equations always gives the same answer. A second
approach applies stochastic methods, where processes are
described using probability distributions (Gillespie, 1976).
With a stochastic model, for the same set of parameters,
each simulation yields a different answer. Doing many simulations with the same set of parameters and averaging the
results gives a prediction about how average concentrations
change in time and, in addition, how concentrations fluctuate in time. The two methods complement each other, each
having advantages and disadvantages. We have used both
methods, but the results we present here are generated using
the deterministic form of the model.
Fig. 3 shows all the reactions that a particular state of
the model, an unphosphorylated receptor dimer with one
Lyn bound constitutively, can participate in. Note that the
reactions couple it to nine other states and that these states
are coupled with a comparable number of states. When a

Fig. 3. Reactions involving the dimer state in which both receptors are
unphosphorylated and one Lyn is constitutively associated. M and D stand
for monomer and dimer state concentrations. There are 354 states in the
model and each state is assigned a number by the computer algorithm
used to generate the rate equations. For example, D56 represents the
concentration of the unphosphorylated dimer state with one constitutively
associated Lyn. Eq. (1) is written in terms of these concentrations.
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ligand induces receptor aggregation, a complex chemical
network is set up. This network arises because a scaffolding
of signaling molecules, in our case Lyn and Syk, associates
with the receptor, leading to a large number of possible
states. In such a signaling cascade there are a multitude
of paths that go from receptor aggregation to some final
outcome.
In this model, there are 300 dimer states, 48 monomer
states and 6 non-receptor states (free ligand, unassociated
Lyn, and cytosolic Syk that is unphosphorylated, phosphorylated only by Lyn, phosphorylated only by Syk, and phosphorylated by Lyn and Syk). The mathematical model consists of 354 chemical rate equations plus initial conditions,
i.e. the concentrations of ligand, free receptor and receptor
constitutively associated with Lyn, free Lyn, and Syk at the
start of the experiment. For example, the equation for the
state shown in Fig. 3 is
dD56
= k+1 M10 M7 − k−1 D56 + k+1 M9 M8 − k−1 D56
dt
+2k+L LD55 − k−L D56 − k+L LD56 + 2k−L D57
−lβ D56 + pβ D59 − lγ D56 + pγ D66 + pγ D70
(1)
We have developed an algorithm that generates the rate equations automatically from the classes of reactions specified in
Figs. 1 and 2.1 For a given set of parameter values and initial
conditions these coupled equations are solved numerically.
5. Parameter values used in simulations
The parameter values we use in the simulations in the following sections are given in Table 1, which is still “a work in
progress.” We anticipate that through comparison of model
predictions with experiments done in Henry Metzger’s laboratory, with transfectants expressing FcεRI, Lyn and Syk,
an improved set of values will result. In the next section,
we illustrate how the model is used to estimate parameter
values by showing how we arrived at the values for the rate
constants for dephosphorylation of the ␤ and ␥ ITAMs, the
dephosphorylation reactions (2a) and (2b) in Fig. 2.
6. Dephosphorylation and protection from
dephosphorylation
When the aggregates of IgE on RBL cells are induced
to disaggregate, by the addition of high concentrations of
monovalent hapten, the receptors dephosphorylate rapidly.
Mao and Metzger (1997), using RBL cells, determined the
rates of ␤ and ␥ dephosphorylation to be 0.12 and 0.06 s−1 .
These observed rates of dephosphorylation depend on the
relevant phosphatases and on the rates of binding and dissociation of Lyn and Syk, since SH2 domains bound to phos1

Hlavacek et al., unpublished result.

Table 1
Parameter values
Parameter

Value

Componentsa
Nreceptor (number of receptors per cell)b
NLyn (number of Lyn per cell)c
NSyk (number of Syk per cell)b

4.0 × 105
2.8 × 104
1.6 × 106

Ligand bindingc
k+1 (M−1 s−1 )
k−1 = k−2 (s−1 )
k+2 (s−1 per molecule)

8.0 × 104
1.0 × 10−5
2.5 × 10−4

Lyn association
∗ (s−1 per molecule)
k+L = k+L
−1
k−L (s )
∗ (s−1 )
k−L

5.0 × 10−5
2.0 × 101
1.0 × 10−1

Syk associationd
∗ = k ∗∗ (M−1 s−1 )
k+S
+S
∗ (s−1 )
k−S
∗∗ (s−1 )
k−S

1.6 × 107
5.0 × 10−2
1.0 × 10−1

Phosphorylatione
l␤ = l␥ = l␤∗ = l␥∗ = lS = lS∗ (s−1 )
sS∗ (s−1 )
sS∗∗ (s−1 )

1.0 × 102
1.0 × 102
2.0 × 102

Dephosphorylation
∗ = p∗ = p


−1
p␤ = p ␥ = p ␤
S1 = pS2 = pS1 = pS2 (s )
␥

1.0 × 102

a Simulations were performed assuming a cell density of 1 × 106
cells ml−1 .
b Reischl and Metzger, unpublished observations.
c Wofsy et al. (1997).
d Rate constants characterizing Syk recruitment were chosen to be
consistent with the measured equilibrium constant for Syk-ITAM binding at 25 ◦ C (Ottinger et al., 1998). The cell volume was taken to be
1.4 × 10−9 ml, so the initial Syk concentration equals 1.9 × 10−6 M. The
∗ and k ∗∗ (k ∗∗ > k ∗ ) were chosen to be consistent
rate constants k−S
−S
−S
−S
with the observation that autophosphorylated Syk dissociates faster than
non-autophosphorylated Syk (Keshvara et al., 1998).
e The rate constants s ∗ and s ∗∗ (s ∗∗ > s ∗ ) were chosen to be consisS
S
S
S
tent with the observation that autophosphoryled Syk is more active than
non-autophosphorylated Syk when bound to the ␥ ITAM (Zhang et al.,
2000).

photyrosines block dephosphorylation (Rotin et al., 1992).
The observed dephosphorylation rates give us lower bounds
on the rates of dissociation of Lyn and Syk from their re∗ and k ∗ , neither of
spective phosphorylated ITAMs, k−L
−S
which has been directly determined. As a starting point we
∗ = 0.1 s−1 and k ∗ = 0.05 s−1 which correspond
take k−L
−S
with mean times of 10 s for Lyn and 20 s for Syk to remain bound to phosphorylated ITAMs. Fig. 4 shows predicted dephosphorylation curves after hapten addition, for
different values of the dephosphorylation rate constants. Because there are 1.6 × 106 Syk2 and 4 × 105 FcεRI per RBL
cell, we expect Syk, by rebinding to the phosphorylated ␥
ITAM, to dramatically slow the rate of ␥ dephosphorylation. We previously estimated that in RBL cells only about
2.8 × 104 Lyn molecules are available to interact with re2

Reischl and Metzger, unpublished observations.
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receptors. However, if much of the Syk is sequestered, i.e.
not available to the aggregated FcεRI, then this would also
explain the lack of protection afforded the phosphorylated ␥
ITAM by Syk during dephosphorylation (Mao and Metzger,
1997).

7. Changes in ligand concentration can change the
nature of a response

Fig. 4. Simulation of the time course of dephosphorylation of the ␤
and ␥ ITAMs of FcεRI after dimeric aggregates of IgE are disaggregated. A rapidly reversible bivalent ligand (k+1 = 1.2 × 107 M−1 s−1 ,
k−1 = 0.5 s−1 ) at a concentration of 10 nM was allowed to bind for 2 min
to RBL cells sensitized with a bispecific IgE at which time binding was
instantly blocked. Shown are time courses for dephosphorylation of the
␥ ITAM (dotted line) and ␤ ITAM (solid line) for the dephosphorylation rate constant (p␤ = p␥ ) equal to (a) 1.0 s−1 , (b) 10 s−1 , and (c)
100 s−1 . Other parameters used in the simulation are given in Table 1. For
p␤ = 100 s−1 the slope of the ␤ dephosphorylation curve after the initial
∗ , for the dissotransition is 0.10 s−1 , the value of the rate constant, k+L
ciation of recruited Lyn (Table 1). When disaggregation occurs (t = 0)
some phosphorylated ␤ ITAMs are exposed and some have Lyn bound.
The transients (solid line, a, b and c) arise from dephosphorylation of
the unprotected ␤ ITAMs while the remainder of the curve is determined
by Lyn dissociation from the phosphorylated ␤ ITAM. For p␥ = 100 s−1
the slope of the ␥ dephosphorylation curve is 0.04 s−1 , still somewhat
∗ , for dissociaslower than 0.05 s−1 , the value of the rate constant, k−S
tion of Syk from the phosphorylated ␥ ITAM (Table 1). Because of the
high Syk concentration, even with p␥ = 100 s−1 , there is some rebinding
of Syk to phosphorylated ␥ before dephosphorylation occurs. This effect
becomes dramatic when p␥ is reduced (dotted line, a and b).

ceptors (Wofsy et al., 1997). Therefore, we expect Lyn to be
much less effective at slowing dephosphorylation of ␤. The
model predictions (Fig. 4) bear this out. Dephosphorylation
of ␥ is more sensitive to the value of the dephosphorylation
rate constant than is dephosphorylation of ␤. To see ␥ dephosphorylation on the time scale observed experimentally,
the dephosphorylation rate must be fast enough for dephosphorylation of an exposed phosphorylated ITAM to occur
before Syk binds and protects the site from dephosphorylation. Assuming that the dephosphorylation rate constants
for the ␤ and ␥ ITAMs, p␤ and p␥ , are equal, to obtain
reasonable agreement with the observed dephosphorylation
rates (Mao and Metzger, 1997) we need to take p␤ = p␥ ≥
100 s−1 , or about 1000 times faster than the observed rates.
We must choose such a high value for the dephosphorylation rate constant because so much Syk is available to the

One role of a detailed mathematical model is to make
quantitative predictions. We illustrate this by considering
two hypothetical transfectants that are exposed to IgE dimers
for 10 min. One (Fig. 5a and b) has the same number of receptors, available Lyn and Syk, that we believe an RBL cell
has. For RBL cells, in terms of numbers per cell: Syk >
FcεRI > Lyn (available). One testable prediction (Fig. 5a)
is that the ratio of phosphorylated ␥ to ␤ is an increasing
function of the concentration of IgE dimers on the cell surface. (In Fig. 5a, the ratio of phosphorylated ␥ to ␤ increases
from 2.4 to 11.5 for the ligand concentrations shown.) Since
the model includes the molecules (Lyn, Syk and the pool of
phosphatases) known to interact directly with the receptor
ITAMS, we expect this prediction to apply to RBL cells.
The model also predicts (Fig. 5b) that changing the ligand
concentration changes not only the concentration of phosphorylated Syk but also the relative concentrations of individual phosphotyrosines on Syk. Simulations show that the
ratio of those tyrosines on Syk phosphorylated by Syk to
those phosphorylated by Lyn changes as the ligand concentration changes. Since different signaling molecules associate with different phosphotyrosines, the model illustrates
how different concentrations of the same ligand can trigger
different cellular responses. Changing the concentration of
receptors in aggregates can change not only the amplitude
of a cellular response but also the nature of the response.
(The quantitative prediction (Fig. 5b) only applies to the hypothetical transfectant, not to an RBL cell, since none of the
molecules that associate with Syk, other than the receptor,
are in the model.)
In Fig. 5c and d, we consider a transfectant with a much
reduced concentration of Syk so that FcRI
Syk = Lyn.
In this simulation, the concentration of autophosphorylated
Syk goes through a maximum as a function of ligand concentration. This is a consequence of Syk autophosphorylation being trans. The decrease in Syk autophosphorylation
when receptor aggregates are in high concentration comes
about because under these conditions receptors with phosphorylated ␥ ITAMS are in excess compared to Syk. In this
limit, the probability of having two Syks in the same aggregate passes through a maximum as the number of aggregates is increased. The concentration of Lyn also plays
a key role since, if it is too low, a sufficiently high concentration of receptors with phosphorylated ␥ ITAMS cannot
be achieved. Since autophosphorylation of Syk is required
for degranulation (Zhang et al., 2000) and degranulation of
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Fig. 5. Simulated dose–response curves for hypothetical transfectants with high (a and b) and low (c and d) Syk concentrations, exposed to IgE dimers
for 10 min. In (a) and (b) there are 1.6 × 106 Syk per cell and in (c) and (d) there are 2.8 × 104 Syk per cell. All other parameters are the same and
are given in Table 1. In a and c are plotted the number of IgE in dimers, the number of receptors with their ␤ ITAM phosphorylated (p-␤) and the
number with their ␥ ITAM phosphorylated (p-␥). In (b) and (d) the number of Syk molecules phosphorylated by Lyn (pL), by Syk (pS) and the total
phosphorylation of Syk (ptotal) are plotted.

basophils can be maximal at submaximal concentrations of
receptor aggregation (Magro and Alexander, 1974) as our
model suggests Syk can, it would be interesting to know
how histamine release dose–response curves compare with
dose–response curves for Syk autophosphorylation.

of what we do not know about the system and to ask questions that we might never ask if we were not required to
describe precisely how we believe the system works. Building the model is a valuable enterprise for this same reason.
We anticipate that through collaboration between theory and
experiment, mathematical models will become one of the
essential tools in the study of cell signaling.

8. Conclusions
If we understand a system, then we should be able to
predict how it will behave under a variety of experimental
conditions. One role of a detailed quantitative model is to
assess our understanding, i.e., to keep score of our progress
in deciphering how the system works. The building of such
a model is a sobering enterprise. It forces us to take stock
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