HMMs and biological
seqguence analysis



Hidden Markov Model

* A Markov chain is a sequence of random variables X;, X,, X3, ... That has the
property that the value of the current state depends only on the previous state

Formally P (x; | x; 4,..., x;) =P (x: [ x;.;)

Probability of a sequence P(x) = P(x;,x;.1,..., X{) =P (x, [ x,..1) P (x,.1 | X, 5)... P (x, | X;)
P(x;)

Usually we consider the set of states to be discrete
Useful for modelingsequences {A,T,C,G}, {LLM,IV,E,G,...}




A Markov chain for DNA sequence

* Discrete markov chainscan be represented asa

directed graph Q O

» Define transition probabilities paa, Pac @ @

* We can generate the some DNA sequence that has /

a realisticdinucleotide distribution

A C G T
A 300 .205 .285 .210
C 322 .298 .078 .302
G 248 246 .298  .208

T 177 239 .292 292



CpG islands

* Notation:
* C-G —denotesthe C-G base pair across the two DNA strands
* CpG —denotes the dinucleotide CG

* Methylation process in the human genome:
* Very high chance of methyl-C mutatingto T in CpG
* CpG dinucleotides are much rarer than expected by chance

* Sometimes CpG absence is suppressed

e around the promoters of many genes => CpG dinucleotides are much more frequent than
elsewhere

* Such regions are called CpG islands
 Afew hundredtoa fewthousand baseslong

 Problems:

* Question 1. Given a short sequence, does it come from a CpG island or not?
* Question 2.How to find the CpG islands in a long sequence



CpG Markov chain

The “-” model: Use transition matrix A = (a;), Where:
a ;= (the probability that t follows s in a non CpG island)

The “+” model: Use transition matrix A* = (a*,;), Where:
at,; = (the probability that t follows s in a CpG island)

Is this a CpGisland or not?

Use odds ratio
L-1

del ]_Olp+(xi+l |xi)
RATIO = 2X 1+ modeh) =

~ -1

p(x | —model)
up_(Xi+1 |xi)

Model - A

A .300
C 322
G .248
T 177
Model + A

A .180
C 171
G 161
T .079

C
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Where do the parameters come from ?

* Given labeled sequence
¢ Tuples {AI+}I {TI+}I {CI+}I and {A)_}; {T;'}; {C;_};

* Countall pairs (X;=a, X,_;=b) with label +, and with label -,
say the numbersare Ny, , and N, _divide by the total
number of + transition observations.

 Maximum Likelihood Estimator (MLE) — parameters that
maximize the likelihood of the observations

e Likelihood

* Probability of data given parameters

e Typically very small—the more data there is the smallerits
probability

* One of increasingly many possibilities

 We can comparethe probability of data under different
parameters



Digression: MLE

e Toy Example
* 100 coin flips with 56 heads
 What is the probability of getting heads

 Compute likelihood ofthe data from
different p

* Maximum is at p=0.56
* Why bother?

e Complex problems with many parametersthe
MLE maximizing parameters can be hard to
guess

 We canstill use this frameworks as longas we
can compute the likelihood of the data
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Hidden Markov Model

* In a hidden Markov model, the state is not
directly visible, but the output, dependent on
the state, is visible.

* Each state has a probability distribution over
the possible outputs.

* The sequence of outputs generated by an
HMM gives some information about the
sequence of states.

* Formally we have
* Statespace
* Qutputspace
 Statetransition probabilities p(S;,;=t|S;=s) = a,,
e Emission probabilitiesp(X;=b| S, =s) = e,(b)

* Still have conditionalindependence

p(§,X) = Hp(si 5,1) €, (x,)



Question 2: find CpG islands in a long sequence

Build a single model that combines both
Markov chains:

'+’ states:A+, C+, G +, T+ Emitsymbols:A,
C,G, Tin CpGislands

-’ states: A-, C-, G-, T » Emit symbols: A, C,
G, Tin non-islands

Emission probabilities distinct for the ‘+’ and
the -’ states— Infer most likely set of states,
giving rise to observed emissions

‘Paint’ the sequence with + and - states

Hidden Markov Model
* The (+/-) states are unobserved

* Observe only the sequence A:1 || A:0 || A:0 || A:0
C:0 ||C:1 [|C:0 ||C:0
G:0||G:0 || G:1||G:0
T:0 (| T:0 ||T:0 [|T:1




HMM inference problems

* Forward Algorithm
* Whatisthe probability that the sequence was produced by the HMM?
 Whatisthe probability of a certain state ata particulartime given the history of evidence?

 What is the probability of any and all hidden states given the entire observed
sequence. Forward-backward algorithm

 What is the most likely sequence of hidden states? Viterbi

 Under what parameterization are the observed sequences most probable? Baum-
Welch (EM)



Most probable sequence

Start
H 0.5 L
e A 02 A 03
c 03 | | c o2
G 03 0.4 G 0.2
T 02 T 03

O 06

Consider the sequence S= GGCACTGAA
There are several paths through the hidden states (H and L) that lead to

the given sequence S.
Example: P = LLHHHHL

LL

The probability of the HMM to produce sequence S through the path P is:
P =pu(0)* P(G) ™ pLL™ PL(G) * Pw™ PH(C) * ...
*06* 02 *04* 0.3 *..

= 0.5 * 0.2



The Viterbi algorithm Start

2
. H 0.5 L
Too many possible paths 0'5C A0z | — —~ [A 03 OO'S
. . ' 0.4 '
Use conditional independence T o T os

Dynamical programming algorithm
that allows us to compute the most [ X

probable path. GG CRACTGAA

similar to the DP programs used to
align 2 sequences

Basic DP subproblem: Find the : _ : .
maximal probability the a state / p,(z,x) - el(l)mflx(pk (]’x 1)’pk1)

emitted nucleotide i in positionx

pH(Aa4) = eH(A) max(pL (C93)pLH ’pH(C93)pHH)



Viterbi algorithm

* Work in log space

Start

* Avoid small nhumbers =

 Addition instead of . ?322 1 " 1L737
G -1.737 -1.322 G -2.322
T -2.322 T -1.737

Consider the sequence S= GGCACTGAA

probabilly (in logy) that S at the  Pu(G.2) = -1.737 + max (pu(G,1)+Puw, PG, 1)+pLy)
nd position was emitied Dy state = -1.737 + max (-2.737 -1 , -3.322 -1.322)

= -5.474 (obtained from py(G,1))

Probability (in log,) that G at the

pL(G,2) = -2.322 + max (pu(G,1)*+puL, PL(G,1)+pw)
2nd position was emitted by state L : : HLs FL LL

=-2.322 + max (-2.737 -1.322 , -3.322 -0.737)
= -6.059 (obtained from py(G,1))



Viterbi algori

thm

Start
— T
H 1 L
A -2.322 A -1.737
'1C C -1.737 | © __— |C -232 O 0737
G 1737 | 132 |G 232
T -2.322 T -1.737
propability (inlog) that G at the . (G,2) = -1.737 + max (pu(G,1)+Prw. PG 1)*Pui)
2nd position was emitted by state H = -1.737 + max (-2.737 -1, -3.322 -1.322)
= -5.474 (obtained from p4(G,1))
Probability (in log,) that G at the pL(G,2) = -2.322 + max (pu(G,1)+puL, PL(G,1)+pL)
2nd position was emitted by state L = -2.322 + max (-2.737 -1.322 , -3.322 -0.737)
= -6.059 (obtained from p4(G,1))
G G C A C T G A A
H 273 1*-547 —* -8.21 —>-11.53 -14.01 -25.65
L -3.32 -6.06 -8.79 -10.94 <+-14.01 +— -+ — —-24.49




Viterbi algorithm

Start
S
H 1 L
A -2.322 > [A 1.737
'1C C 1737 | ¥ |[C -2.322 0'0'737
G -1.737 -1.322 G 2322
T -2.322 T -1.737
G G C A C T G A A
H 273 > -5.47 > 821 7> 1153 | 1401 -25.65
L 332 [%606 M -879 |%-10.94 —>-14.01 - 1. IR —+-24.49
The most probable pathis: HHHLLLLILL Its probability is 2-244° = 4.25E-8

(remember that we used log,(p))



Profile HMMs for protein families

* Pfam is a web-based resource maintained by the Sanger Center
http://www.sanger.ac.uk/Pfam

e Pfam uses the basic theory described above to determine protein domainsin
a query sequence.

Large collection of multiple sequence alignments and hidden Markov models
Covers many common protein domains and families

Over 73% of all known protein sequences have at least one match

5,193 different protein families

e Suppose that a new protein is obtained for which no information is
available except the raw sequence.

* We can go to Pfam to annotate and predict function



Pfam pipeline

* Initial multiple alignment of seeds using a program such as Clustal

* Alignment hand scrutinized and adjusted
* Varying levels of curation (Pfam A, Pfam B)

e Use the alignment to build a profile HMM

* Additional sequences are added to the family by comparing the HMM
against sequence databases



Pfam Family Types

» family — default classification, stating members are related

* domain — structural unit found in multiple protein contexts

* repeat —domain that in itself is not stable, but when combined with
multiple tandem repeats forms a domain or structure

* motif — shorter sequence units found outside of domains



Pfam output

PROTEIN NAME

Chromatin-Associated Protein Swi6

ORGANISM
KEYWORDS

MOLECULAR FUNCTION
DOMAIN ANNOTATION

Schizosaccharomyces pombe

Transcription regulation/ Nucleus / Repressor
/ Phosphoprotein

Nucleosomal histone binding

Pfam A Chromo 81 134
Pfam A Chromo shadow 265 326
coiled_coil 60 80
low_complexity 7 18
low_complexity 49 88
low__complexity 148 164

low_complexity 49 88




HMMs for Protein families

Cg>_>._>._> o _>._>‘

Recall Position Specific Scoring matrix for PSI-BLAST
Can be modeled as an HMM

The transitions are deterministicand Pr{aMi—->Mi+1}= 1 but the emissions
correspond to the estimated amino acid or nucleotide frequenciesin the

columns of a PSSM
We refer collectively to M1...Mj as match states



HMMs for Protein families
o
Y \

Insertion states correspondto states that do not match anythingin the model.

They usually have emission probabilities drawn from the background
distribution

In this case usinglog-odds scoring emissions fromthe | state do not affect the
score

Only transitions matter

* Similar to affine gap penalty |Og anélj + (k—l)lOg a,ﬁ,j + |Og alj%Mj+1



HMMs for Protein families

N
-l

e Whatdowe do aboutdeletions?

‘ ‘

* Can’tallowarbitrary gaps—too many transition probabilities to estimate!



HMMs for Protein families

O—@®—0—0

Jas ey

e Solution: use silent states to transition between match
states




Profile HMM

_._._.

AR

e Putting it all together— Profile HMM
* We have to reliably estimate the parameters from a multiple sequence alignment




Practical parameter estimation

* First heuristic: positions with more

than 50% gaps will be modeled as #pOS 01234567890

insert.s,the remainder as matches. >glOb1 VGA--HAGEY
* Inthisexampleonlythestarred

columns will correspond to matches >9‘10b2 V-—---NVDEV
« We can now count simply countthe >glob3 VEA--DVAGH

transitio.ns and_em.issionsto.calculate >g10b4 VKG-—————— D

our maximum likelihood estimators

from frequencies. >glob5 VYS--TYETS
* But whatabout missingobservations? >g]_ob6 FNA--NIPKH

>glob7 IAGADNGAGV
* % % * % % % %



Practical parameter estimation

* Second heuristic: use pseudocounts

e Here Bisthe total number of
pseudocounts, and q represents the
fraction of the total numberthat have

been allocated to that particular _ |k—>l| +|B|°qk_)l

transition oremission ak—>l — ;
* Not MLE |B|+Zl/ Ladd
 We don’twantto overfitto the data

that we have b . |k(a)|+|B|QI<(b)
* Incorporate prior knowledge over the ek( ) —

parameterdistribution |B |+Zb’ |k(b,)|



Practical parameter estimation

#pos 01234567890
>globl VGA--HAGEY
>glob2 V----NVDEV
>glob3 VEA--DVAGH
>glob4 VKG------ D
>glob5 VYS--TYETS
>glob6 FNA--NIPKH
>glob7 IAGADNGAGV

*kk  hkkkkk

ev:(V) =6/27, e\ (1) = ey4(F) =2/27, e,,,(all other aa) = 1/27

Onizsmz = 7/10, ay15p2 = 2/10, ay,;5,; = 1/10, etc.



Parameter estimation: unlabeled data

* Parameter estimation with a given MSA — labeled data
* Each sequenceis labeled with the particularstate thatitcame from

* What if all we have is sequences

* Sequences thatare not aligned for profile HMM
* DNA sequences that are not labeled with CpG (+/-)

* We use expectation maximization (EM)
* GQuess parameters
* Expectation:find thestructure

* Maximization-Find the parametersthat maximize the data with this structure
* Repeat



EM — Canonical Mixture example

e Assume we are given heights of 100 individuals (men/women):

Y1---Y100

* We know that:
* The men’s heights are normally distributed with (pu.,,,0,,,)
* The women’s heights are normally distributed with (u,,0,,)

* If we knew the genders — estimation is “easy”

 What we don’t know the genders in our data!

* Xi...,X100 @are unknown
e P(w),P(m) are unknown



EM

* Our goal: estimate the parameters (4,,,0.,), (KO ), P(M)

* A classic “estimation with missing data”
* (In an HMM: we know the emissions, but not the states!)

* Expectation-Maximization (EM):
 Compute the “expected” gender for every sample height—comparethe
probabilities of coming from the male and female distributions

* Estimate the parameters using ML
* |terate

* HMMS-Baum Welch algorithm
* Uses forward-backward for expectation step



Parameter estimation: EM

e Bad news —— All Adults
. . = W Omen
e Manylocal minima s M

e Gender height example, usually get the same
(correct) answer with all starting points
e Mixture of Gaussians problem:

e Want to define X populations in a K dimensional space
under multivariate Gaussian assumption

e Chances of getting stuck increase with more complex

parameter spaces—complex HMM 140 150 160 170 180 190 200
e Solution:Use many different starting points Height in cm
e Good news
e Local minima are usually good models of the data 11

e EM does not estimate the number of states.
That must be given.

e Often, HMMs are forced to have some 0.5]
transitions with zero probability. This is done by
setting a,=0 in initial estimate. Once set to O it
will not become positive, why?




HMM Topology: state duration

e Considera simple CoG HMM (\

* How long does our model dwell in a CoG - \
particular state? -
©® el e

Probability of stayingin state CpG*is p

Probabilityof N residuesin CpG* \

P(N residues) ~p"!

e

* Exponentiallydecaying distribution

 What is thisis not the right
distribution




HMM Topology: state duration

* 4 states with the same emission probabilitiesand one internal loop

* Guarantees a minimum of 4 consecutive states but still with en exponential tail



HMM Topology: state duration

|

e 2 to 6 states

* Transitionprobabilities can be set to model
different distributions




Modeling realistic distributions

* Two parameters
* Length of chain N

* Probabilityp
* Negative binomial distribution 1-p 1-p 1-p

* number of successes in a
sequence of independentand
identically distributed
Bernoullitrials before a
specified (hon-random)
number of failures (denoted r)

OCCurs. l_]_ l
— -n . n
PO = (. _ )P a-p

—

1-p




Very flexible distributions

Negative Binomial Distribution PDF
0.15
— n=20 p=0.25
— n=20 p=0.5
0.1 . n=20p=0.75
2
E
48]
e
o
a
0.05
0 50 100
Random Variable




Gene Prediction: Computational Challenge

aatgcatgcggctatgctaatgcatgcggctatgctaagctgggatccgatgacaat
gcatgcggctatgctaatgcatgcggctatgcaagctgggatccgatgactatgcta
agctgggatccgatgacaatgcatgcggctatgctaatgaatggtcttgggatttac
cttggaatgctaagctgggatccgatgacaatgcatgcggctatgctaatgaatggt
cttgggatttaccttggaatatgctaatgcatgcggctatgctaagctgggatccga
Ttgacaatgcatgcggctatgctaatgcatgcggctatgcaagctgggatccgatgac
tatgctaagctgcggctatgctaatgcatgcggctatgctaagctgggatccgatga
caatgcatgcggctatgctaatgcatgcggctatgcaagctgggatcctgecggcectat
gctaatgaatggtcttgggatttaccttggaatgctaagctgggatccgatgacaat
gcatgcggctatgctaatgaatggtcttgggatttaccttggaatatgctaatgcat
gcggctatgctaagctgggaatgcatgcggctatgctaagctgggatccgatgacaa
tgcatgcggctatgctaatgcatgcggctatgcaagctgggatccgatgactatget
aagctgcggctatgctaatgcatgcggctatgctaagctcatgcggctatgctaagce
tgggaatgcatgcggctatgctaagctgggatccgatgacaatgcatgcggctatge
taatgcatgcggctatgcaagctgggatccgatgactatgctaagctgcggectatge
taatgcatgcggctatgctaagctcggctatgctaatgaatggtcttgggatttacce
ttggaatgctaagctgggatccgatgacaatgcatgcggctatgctaatgaatggte
ttgggatttaccttggaatatgctaatgcatgcggctatgctaagctgggaatgcat
gcggctatgctaagctgggatccgatgacaatgcatgcggctatgctaatgcatgeg
gctatgcaagctgggatccgatgactatgctaagctgcggctatgctaatgcatgeg
gctatgctaagctcatgcgg



Gene Prediction: Computational Challenge

aatgcatgcggctatgctaatgcatgcggctatgctaagctgggatccgatgacaat
gcatgcggctatgctaatgcatgcggctatgcaagctgggatccgatgactatgcta
agctgggatccgatgacaatgcatgcggctatgctaatgaatggtcttgggatttac
cttggaatgctaagctgggatccgatgacaatgcatgcggctatgctaatgaatggt
cttgggatttaccttggaatatgctaatgcatgcggctatgctaagctgggatccga
Ttgacaatgcatgcggctatgctaatgcatgcggctatgcaagctgggatccgatgac
tatgctaagctgcggctatgctaatgcatgcggctatgctaagectgggatccgatga
caatgcatgcggctatgctaatgcatgcggctatgcaagctgggatcctgecggcetat
gctaatgaatggtcttgggatttaccttggaatgctaagctgggatccgatgacaat
gcatgcggctatgctaatgaatggtcttgggatttaccttggaatatgctaatgcat
gcggctatgctaagctgggaatgcatgcggctatgctaagctgggatccgatgacaa
tgcatgcggctatgctaatgcatgcggctatgcaagctgggatccgatgactatget
aagctgcggctatgctaatgcatgcggctatgctaagctcatgcggctatgctaagce
tgggaatgcatgcggctatgctaagctgggatccgatgacaatgcatgcggectatgce
taatgcatgcggctatgcaagctgggatccgatgactatgctaagctgcggectatge
taatgcatgcggctatgctaagctcggctatgctaatgaatggtcttgggatttacce
ttggaatgctaagctgggatccgatgacaatgcatgcggctatgctaatgaatggte
ttgggatttaccttggaatatgctaatgcatgcggctatgctaagctgggaatgcat
gcggctatgctaagctgggatccgatgacaatgcatgcggctatgctaatgcatgeg
gctatgcaagctgggatccgatgactatgctaagctgcggctatgctaatgcatgecg
gctatgctaagctcatgcgg



Eukaryotic Genes

Start codon codons  ponor site

ATGCCCTTCTCCAACAG
Transcription
start

Promoter >'UTR CCTCCCAGECCTGCEEA

Acceptor site

Exon

Poly-A site

Stop codon I TYYX Y7 YYJACCAC
GATCCCCATGCCTGAGGGCCCCTC f

" D3 UTR



HMM Gene Finder: Veil

e Astraight HMM Gene Finder

* Takes advantage of grammatical
structure and modular design

* Uses manystatesthatcan only
emit one symbol to get around

stateindependence

Upstream

Exon HMM Model

Start Codon

3’ Splice Site

Exon

Intron

Stop Codon

5’ Splice Site

Downstream

5’ Poly-A Site

Start Codon 16 Backedges

3" Splice Site 5’ Splice Site

Downstream




GeneScan

* a popularandsuccessful gene finder for human
DNA sequences is GENSCAN (Burge et al. 1997.) g g
i i

* Generalized HMM (GHMM)

* state may output a string of symbols (according to
some probability distribution)

* Enter a state

* OQOutput d characters from that state according to
some probability

* Transition to the next step
* Explicit intron/exon length modeling pi(d) pi(d)
i J

* Increased complexity

* The gene-findingapplicationrequires a
generalization of the Viterbi algorithm.




GeneScan states

N - intergenic region
* P-promoter
* F-5"untranslated region

* Eg,g—single exon (intronless)
(translation start -> stop codon)

* E,;;—initial exon (translation start ->
donor splice site)

* E,— phase k internal exon (acceptor
splice site -> donor splice site)

* E..m— terminal exon (acceptor splice
site -> stop codon)

* |, —phase k intron: 0 — between
codons; 1 — after the first base of a
codon; 2 — after the second base of a
codon

___________ (intergenic

Esngl+

(single-exon

gene)

At
(poly-A
signal)

region)



Gene finding HMMs

» GeneScan can have ~80% accuracy in a
compact genome like yeast

» Predicts too many genes for human
» GeneScan is data intrinsic —uses only sequence

 Many gene prediction programs use additional
extrinsic information

 Conservation
* mMRNA evidence

« TwinScan incorporates alignment/conservation
information



EGASP:Gene finding programs

Table 1 EGASP'05 participant groups and affiliations

AceScan Salk Institute

Aceview National Center for Biotechnology Information
Universita degli Studi gl Milano

Universita degli Studi di Milano
Georg-August-Universitat Gottingen

The Wellcome Trust Sanger Institute

The Wellcome Trust Sanger Institute
European Bioinformatics Institute

Ecole Normale Superieure, Paris

University of Waterloo

Softwerry Inc.

Softwerry Inc.

Softwerry Inc.

Institut Municipal d'Investigacié Médica, Barcelona
Institut Municipal d'Investigacié Médica, Barcelona
Georgia Institute of Technology

The Institute for Genomic Research

The Institute for Genomic Research

University of Virginia

University of Virginia

Washington University

Washington University

University of California at Berkeley

European Bioinformatics Institute

Washington University

European Bioinformatics Institute




EGASP:Gene finding results
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Specificity

EGSP:Performance
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